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Notation

Many of the objects used here are very classical/well-known for most of
you...but maybe not for everybody and this is normal. Therefore, the notes
are reasonably self-contained; see the sections below for the definitions of
relevant objects.

Although this course is mostly intended for students with an analysis and
PDE background, it is very important that it is followable if your prior
knowledge is mainly probabilistic...but some notation may seem strange. It
is similar for some notation which is standard in probability if you are not
used to it.

Basics

We denote by N the set of natural numbers {1,2,...} (the "non-French”
notation), by Ny — the set NU {0} (the "French N”) and by R* — the set of
non-negative real numbers.

The expressions l.h.s., r.h.s. stand, respectively, for “left-hand side” and
“right-hand side”. The abbreviations r.v., a.e. and a.s. stand, respectively,
for “random variable”, ”almost everywhere” and “almost surely”. Finally,
i.i.d. means “independent identically distributed”.

Subindices ¢, x stand for (partial) derivatives. For example, something called
a; does (also) depend on the parameter ¢, but is considered as the (sometimes
weak) derivative of a function a with respect to ¢.

The m-th derivative of a function f of a scalar argument is denoted f™.
The law of a r.v. £ is denoted by D(£). If £ is a Gaussian r.v. with mean
value m and dispersion o2, we write & ~ N(m, c?).

All random processes which we consider in this text have continuous trajec-
tories. In the notation of random variables and processes we often drop the
random parameter w.

For the Wiener process, w* is the trajectory (i.e. element of the set of con-
tinuous functions) corresponding to an element w of the probability space 2
on which the process is defined.

For a metric space M, Cy(M) indicates the space of bounded real-valued



continuous functions on M, equipped with the sup-norm.

A mapping between metric spaces whose Lipschitz constant is bounded by
K is called K—Lipschitz. A map between Banach spaces By and Bs is said
to be locally Lipschitz if its restriction to any ball in By is Lipschitz.

Measure theory

For 0 < T' < oo we provide the interval [0, 7] with the Borel sigma-algebra B
and the Lebesgue measure dt. Then for 1 < p < oo and a separable Banach
space B we denote by L,(0,7; B) the L,-space of measurable mappings
([0,T], L,dt) — (B, Bg). This is a Banach space. When for a function u(t, x),
t >0,z € S', we consider |u(t,)|s (recall that the space L., (S') is not
separable), we regard this object as a function of ¢ and not as an element of
some space L,([0,T], Leo).

For a measurable space (which will always be Polish in this book) (X, F) we
denote by P(X,F) the space of probability measures on (X, F). A Polish
(i.e. metric separable) space M is equipped with the Borel sigma-algebra
B = Bys; we abbreviate the space of probability measures P(M, By,) to
P(M).

For a measure p on a measurable space and an integrable function f the
standard pairing is written

<u,f>=<f,u>=/fdu.

The "upper half-arrow” — denotes weak convergence of measures.

Functional spaces

In this course, we always work with functions of z € S* with zero mean value.
Accordingly, we denote by L, the subspace of L,(S') formed by functions
of zero mean value, and denote by H™, m € R, the Ly—Sobolev space of
functions with zero mean value, equipped with the homogeneous norm || - ||,
(which would be only a seminorm without the zero-mean restriction). For
more information on Sobolev spaces, see the corresponding section.

In particular, if m € N, then [[u]?, = [ u™ (x)de. Elements of spaces L,
and spaces H™(S') with m < 1/2 are equivalence classes, where functions
coinciding a.e. are considered as the same object. If m > 1/2, then H™(S!)
is embedded in the space of continuous functions, and in this case a function



in H™(S") is identified with the only continuous representative of the class
of equivalence.

We usually regard functions of ¢,z as curves of ¢, valued in a certain space
of functions of z, and we work with various functional spaces corresponding
to the situations when these curves are continuous, or smooth, or when they
only are integrable.

If m =0, we write ||ul| := ||ullo = |uls.

For T, > T; > 0 and a Banach space B endowed with a norm | - [z,
C(Ty,Ty; B) stands for the space of continuous B-valued curves defined for
t € [Th, Ty]: it is a Banach space with the supremum norm sup,¢ 7, 1) [|u(t)|| -
We use the abbreviations:

Xm =00, T;H™), X»=Xr,

and denote X2 = {¢€ € X7 : £(0) = 0}, and similarly for X7
We consider the following norm for C"(T},T5; B), n € Ny:

n

lullenerymum) =

1=0

diu
dtt

C(Th,T2;B)

For a Polish space X we denote by || - ||1(x) the norm (B.1.1) in the Banach
space of bounded Lipschitz functions on X, and by [ - [[7x) — the norm in
the dual Banach space.

The notation X € Y, where X, Y are Banach spaces, means that the former
is compactly embedded in the latter.

Motivation: PDEs and the Wiener process.
How can they be combined? And why Markov
processes and stationary measures?

Trajectories of the Wiener process are only (almost surely) (1/2 —¢)-Holder;
in particular, they are not derivable. However, in some contexts their weak
derivative can give birth to something meaningful (without using the Ito
calculus, which will however be needed later for the Ito formula). We begin
by a (not very interesting) example of a SDE (stochastic differential
equation).



ExamMPLE. Clearly, for any given random trajectory w, the SDE
Uy — W = 0
has a unique (in the sense of distributions) solution u(t) = w(t) + u(0).

The general method of considering the equation for u — w will be OK
in the whole course (sometimes in a generalised form, taking the solution of
the heat equation e'®w instead of w)...but for SPDEs in general this is not
always the case.

Considering more involved features of the noise is anyhow necessary for
the Ito formula, which is useful to study the stationary measure (and more
generally to study the evolution in time of averaged quantities).

Before passing to Markovian concept, let us look at another standard “nice”
example.

EXAMPLE. The Ornstein-Uhlenbeck/Langevin SDE (damping+diffusion):
uy = —ou + Pwy.
We make the change of variables

v(t) = u(t) — fw(t),
and then
o(t) := e™o(t).
We find that
0,(t) = —aBe*w(t).

To study long-term behaviour of the solutions, it is relevant to look at
dynamical system-type concepts 'of Markov type’.

DEFINITION (INFORMAL). A Markov chain for discrete space and time
is a process u such that for all a and all x1,...,x 1,0,

P(u(k+1) = alu(k) = b)
=Puk+1)=alulk) =bulk —1) =x4_1,...,u(l) = x1)

(in other words: to know the law of the future, it suffices to know the present,
no need to know the past).

Heuristically: it is sufficient to observe what happens now, history books are
useless to help predict the future!



REMARK .0.1. The equality above implies the one with u(k+1) replaced with
u(k+mn) for anyn > 1. In other words: if history books are useless to predict
the next step, they are also useless to predict the situation at any future step.

DEFINITION (INFORMAL). Given a process u in discrete space and time,
a stationary measure is a probability measure p on the space state such that
for all k,x,y,

pla) =Y Pluk+1) = zlu(k) = y) py).

Physicists call this a ‘non equilibrium steady state’. Heuristically: particles
do mowe, but their distribution does not change. So if one does not care about
their individual properties/temporal trajectories, nothing changes!

REMARK. The two definitions above can of course be simplified if the process
is homogeneous in time (i.e., transition probabilities from the step k to
the step k + 1 do not depend on k). In this case, the transition probabilities
above can be indexed by the length of the intervals over which we observe the
evolution — we do not care about the starting time.

Our goal will be to define these objects in continuous time and space, in-
troducing Markov processes, and eventually to generalise them even more
to the context of SPDEs (stochastic PDEs). Three potential difficulties
(only the first one is important) and one nice thing:

e We need to use a continuous analogue to express the infinitesimal tran-
sition rates. Two ways out: work with expected values of functions
or work directly with measures. For simplicity, in this course we will
choose the latter. However, the former is more empirical/physical since
it is concerned with the evolution of averaged quantities and not with
the abstract underlying measure structure.

e For SPDEs, the state space is not R (or R?), but a subset of a separable
Banach space (non-separability makes it more difficult to work with
Sobolev spaces based on L>).

e For continuous time, there is a subtle measure-theoretical difficulty: we
need to be careful when we define the events up to the past’ (adapted vs
progressively measurable). In our context of almost surely continuous
paths, this will not be an issue and we will not talk about it anymore.
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e If we deal with an autonomous equation and a random additive time-
decorrelated force, the continuous analogues of transition rates are
time-independent, so we have homogeneity in time. This will simplify
our definitions a lot.

A Tools from functional analysis, ODEs and
PDEs

We recall that in our course, we work with Banach (complete normed)
spaces, endowed with their Borel sigma-algebras, which we denote as (X, ).
They are most often Polish (i.e. complete separable metric). Note that the
most well-known example of a non-Polish space which appears in PDEs is
L (and the corresponding Sobolev spaces W™ ) but we only define those
in order to use the corresponding norms, and we never work on them directly.

A.1 ODEs: local and global well-posedness

DEFINITION A.1.1. Consider a Banach space X and a continuous function
f: X — X. Then we refer to the autonomous ODE

u'(t) = f(u), u(t =Tp) =uy € X, t € [Ty, T1].

as a Cauchy problem. We say that this problem is well-posed if there
exists a unique solution u € C([Ty, Ti]; X) satisfying the equality above and
depending continuously on ug.

REMARK A.1.2. One can also consider a non-autonomous version of the
Cauchy problem, allowing the function f to also depend on the time t, and
not only on the state variable x(t). We also have nicer properties of the
solution map (more reqular dependence on t,ug) if f is reqular.

REMARK A.1.3. We will not make precise statements from the classical the-
ory of ODEs: everything which we need will be stated later for the more
general setting of SDEs. Nevertheless, here are the main statements/ideas:

o If f 1s globally Lipschitz, there exists a solution for T as large as we
want (i.e. a global solution) and by the Gronwall lemma, we have
an exponential bound for this solution.



o [If f is only locally Lipschitz, the statement above is still true but only
for a finite ug-dependent time.

o An tmportant concept is that of a Lyapunov function, defined on
the phase space and which does not grow too fast along the flow. If it
has good properties (essentially, if it goes to infinity at infinity), this
guarantees the existence of a global solution and gives a bound on it.

A.2 Spaces of functions

First let us state the elementary Riesz—Thorin inequality, also referred to as
the log—convexity of Lebesgue norms. It follows from Holder’s inequality.

THEOREM A.2.1. Consider the spaces L, := L,(X,F, ). Let 1 <py <p; <
00, and for 0 < 6 <1 define py by: pia = 1p;00 + p%. Then

[ Flos < 1f1y 2 115, (A.2.1)

Sobolev spaces are generalisations of Lebesgue spaces, taking into account
the integrability of derivatives. For generality, we give definitions which are
valid in R? as well as on the (flat) torus T¢; however, in this course we
will only work with the one-dimensional torus=circle S*. Moreover, since we
only work with zero-mean functions, we will actually work with homogeneous
semi-norms only, since they are norms on the corresponding subspaces: see
Remark A.2.5.

DEFINITION A.2.2. Form € Z, p € [1,+[, the homogeneous Sobolev
seminorm in WP of a function u is given by

fallims = ( | > T w)

al=m

P 1/p
dm) .

We use the usual multi—index conventions
. S « (%
la] = (a1, ...,aq)| = a1+ + ag; Oz =0x* - -+ dzy?,

and for p = 400 the definition above is modified as usual with a supremum
i x and over the multi—indices.



DEFINITION A.2.3. Form € Z,, p € [1,+00|, the Sobolev norm in W™?
of a function u is given by

m
el = i
k=0

Note that on S', the Sobolev norms are totally ordered. Namely, for
u € W™P we have:

(g < [tlimyp, forn <m, g€[l,+o0]orn=m, q€[1,p]. (A.22)
Moreover, we have the classical interpolation inequality
lulln < Hlullglulls™, for 0 <k <n <m, (A.2.3)
where § = (m —n)/(m — k).

As usual, we set H™ = W™2 m € N, and denote the corresponding ho-
mogeneous Sobolev seminorms by || - || ;m. These seminorms can be defined
alternatively (and equivalently) using Fourier series (on the torus) and the
Fourier transform (on the whole space).

DEFINITION A.2.4. A function u is said to belong to the space H™ on the
torus if the corresponding norm

lulls, = > (14 2nlk)*al

kezd

15 finite, and similarly on the whole space with the norm
Julls = [+ 2mgha)R
£cRe

Here, 4 denotes respectively the Fourier coefficients/transform.

REMARK A.2.5. If we restrict ourselves to the subspace of zero mean value
functions on the torus, one can check (using Poincaré’s inequality) that semi-
norms and norms are equivalent.

THEOREM A.2.6. For m > n, the injection of H™ into H" is compact.



We start with a classical result. The inequalities on R imply the ones
on S! by a localisation argument, multiplying by a bump function. Anal-
ogous inequalities exist in the multidimensional setting, but with different
restrictions on the norms and different powers of Lebesgue/Sobolev norms.

LEMMA A.2.7. (the Gagliardo—Nirenberg inequality). Let m € N and 5 € Ny,
B <m—1. Let also p,q,r € [1,00] and

6 € [B/m,1).
Then there ezists C'= C(f,q,r,m) > 0 such that
|kl < ORI, IRl (A.2.4)

provided that

p-r=b(m=2)-(1-0),

and, wn addition,
0=p35/m ifp=1orp=cc.
In particular,
~2rk+r—2

hlp, < C|R|% |7 0
Ak < ClAIG RN, 5

, (A.2.5)

ifr>2and 0 <k <m-—1. If £k > 1, then applying (A.2.4) to h, we get
another useful for us inequality:

2 k-1
Cr2o2m—1

e AT (A.2.6)

if2m>k+14+2m—2)/rand 1 <k <m-—1.

A.3 Semilinear parabolic PDEs: classical and mild so-
lutions

We will not give any results in this section: the definitions and results are

standard enough and if you have trouble finding a good source, I can provide

an example. Moreover, we will give a detailed presentation later in the setting

in which we need it. However, let us recall a few key ideas in a general setting
of a PDE of the type:

w4 fu) =Au, 0 <t <T.
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e A classical solution is a function u which solves the equation above
for t > 0. Usually it is required to belong to C1((0,7]; X) for some
Banach space X (else the equation makes no sense) and to C'([0,T];Y)
for some other (larger) Banach space Y (else the initial condition makes
no sense). The regularity of X is higher than that of Y, so the Laplacian
is well-defined.

e A mild solution is defined using the heat semigroup S(t) generated
by —A and a Duhamel formulation which allows us to rewrite the PDE
in a time-integrated form.

e We will only work in a nice setting where these two notions are uniquely
defined and equivalent. The easy part is to observe that a classical
solution is also necessarily mild. Then, one proves the existence and
uniqueness of a mild solution by a fixed-point theorem in the space
CH(0,T]; X) N C([0,T];Y) (the hard part is to find an appropriate
norm: a power of ¢ is needed in front of the X norm), and after some
calculations one proves that a mild solution is also classical.

B Tools from measure theory and probability

For more details on the results below, see [1, Chapter 11] and [2, Section
1.3.1]. More specifically, these references contain in a short and (as much
as possible) self-contained manner some concepts which we do not have the
time to treat. However, they play an important role when studying SPDEs;
this is the case for example for the Kolmogorov—Chapman relations and the
(strong) Markov property.

B.1 Measure theory
The results below apply, e.g.,
e When (X, F,u) is a Banach space with a probability Borel measure.

e When we work with the Lebesgue measure (eventually generalised to
work with integrals on separable Banach spaces, i.e. the so-called
Bochner integral. We never work directly with integrals in time
on non-separable spaces such as L.; however, it is sometimes useful

11



to consider the corresponding norms as functionals on separable spaces
such as Ly, and to integrate these norms in time.

e When X is the set N, given the counting measure, which assigns the
measure one to each natural number (the setting we implicitly use when
working with infinite series).

THEOREM B.1.1. The Lebesgue dominated convergence theorem: As-
sume that there exists a nonnegative p-integrable function g such that p-a.e.
|ful < g for alln and lim, o f, = f. Then f is p-integrable and

mlfﬁldu /f Y (z
n— 0o

THEOREM B.1.2. Fatou’s lemma: Assume that (f,)n>0 is a sequence of
non-negative functions. Then we have:

/liminffn(:v) <hm1nf/ folz)du(x
X

n—-+o0o

THEOREM B.1.3. The monotone convergence theorem: Assume that
for p-a.e. x the sequence of positive numbers (f,,(x))n>0 is monotone increas-

ing. Then
i [ p@dn) = [t f)dnte)
(where both sides of the equality can be infinite).

Now we consider a Polish space O.

DEFINITION B.1.4. A sequence {p,} C P(O) is said to be weakly converging
to u € P(O) (denoted by p, — 1) if

vf € Cb(0)7 <:un7f> — <,LL, f>

For a measure p on a measurable space X and an integrable function f
the standard pairing is written

m¢%+m¢%4ﬁm=/fw.

This mapping is non-degenerate: if (u, f) = 0 for all measures u € P(X),
then f = 0;if (u, f) = (v, f) for all functions f € Cy(X), then u = v.

12



Now we denote
L(O) :={f € C,(O) : Lip([f) < oo}, (B.1.1)

where Lip(f) denotes the Lipschitz constant of f, and endow the space L(O)
with the norm

Ifllzo) = [Iflle, o) + Lin(f) - (B.1.2)
REMARK B.1.5. The space L(O) with the norm (B.1.2) is Banach.

DEFINITION B.1.6. For u,v € P(O) the Lipschitz-dual distance between p
and v (defined on the dual Banach space L(O)*, restricted to the space of
measures P(O), naturally embedded in L(O)*) is given by:

I =Vl = s%p(<f, w —(fv)) = Sup [(fom) —{fiv)[ <2, (B.13)

where B = Bi(o) is the closed ball {|| f||z(0) < 1}.
REMARK B.1.7. If the metric space is clear from the context, we abbreviate
[fllzcoy to [[flle and ||l o) to llullz-

The following celebrated theorem, essentially due to Kantorovich, char-
acterises the weak convergence of measures in terms of the Lipschitz-dual
distance:

THEOREM B.1.8. Let O be a Polish space. Then:
1. (P(O), | - 70y) is a complete metric space.
2. If {un} C P(O) and p € P(O), then p, — wp if and only if ||, —
1l o) = 0

Let O be a Polish space and P;(Q) be the space of probability measures
on it with finite first moment:

P1(O)={pnePO): /(Ddisto(:v,xo)u(dx) < oo},

where xj is a fixed point in O (the space will not change if we replace xg
by another point in @). In his celebrated study of the optimal transport
problem, Kantorovich introduced in P;(O) the distance

It = Vliscant = llt = Vlianso == sup [(f,p) = {f,v)| S0 (B.14)

Lipf<1
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(obviously, we may assume that f(zo) = 0). This distance is greater or
equal than the Lipschitz—dual distance (B.1.3), and it is easy to see that
if O is bounded then the two are equivalent. However if O is unbounded,
then the convergence in the Kantorovich distance is stronger than the weak
convergence in P(O).

ExaMpPLE B.1.9. In P(R) consider the sequence of measures p, = (1 —
n~12)8y + n_3/2x[07n}dx. Obviously p, — 6y as n — oo, but choosing in
(B.1.4) f(z) =z we see that || — 0ol Kant = V/1/2.

To bound (B.1.4) in terms of the Lipschitz-dual distance between p and
v one has to control “the behaviour of the measures at infinity In particular,
the following is true (for the proof, see [1, Appendix 11.G]):

LEMMA B.1.10. Let p and v be two measures in Py (O) such that
(disto(x, o), 1), ((disto(z,x9)",v) < K, K >1, (B.1.5)
for some v > 1. Then

It = wllicam < CEM (= w]l3)' 7). (B.1.6)

B.2 Basics of probability

If (©,F) is a measurable space and P is any element of P(£2, F), then the
triplet (Q, F,P) is called a probability space. Elements of F are called
events. Events of zero measure are called null sets. A measurable mapping
defined on a probability space (2, F,P) is called a random variable.

Theorems B.2.1 and B.2.4, given below, are corollaries of the monotone con-
vergence theorem.

THEOREM B.2.1. Let my > my and {&,,n > 1} be a sequence of r.v.’s in
H™ such that E[|&, |, < K for all n and some 1 < a < 0o. Assume also
that a.s. &, converges in the space H™? to a random wvariable &. Then a.s.
E=¢&, where £ is a random variable in H™ and

Efl¢ 5, < K. (B.2.1)

EXERCICE B.2.1. Prove this result (the proof is in [1, Appendix A]).
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Applying this theorem we will not make a difference between the r.v. &
and its modification &', and will regard £ as a r.v. in H™ taking infinite
value on a null-set.

THEOREM B.2.2. Let a sequence of Borel measures {j,,n > 1} on a Polish
space O weakly converge to a measure py € P(O). Then there exists a
collection of random variables {&,,n > 0}, defined on the same probability
space and valued in O, such that DE, = p, for eachn >0, and &, — o,
a.s.

COROLLARY B.2.3. Let my > my and {p,,n > 1} be a sequence of measures
in P(H™) such that (||u||%, ,pn) < K for all n and some 1 < p < oo.
Assume also that p, — p in P(H™). Then p(H™) = 1, so p may be
regarded as a measure on H™ , and (||ul]?, ,pu) < K.

Proof. The result follows from the theorem above by applying Skorokhod’s
Theorem B.2.2. ]

THEOREM B.2.4. Let 1 < p,a < 0o and {&,,n > 1} be a sequence of r.v.’s
in Ly, such that E|&, |5 < K for alln. Assume that a.s. & — £ in Ly, where
§isarv. in L. Then € L, as. and

El¢l; < K. (B.2.2)

EXERCICE B.2.2. Prove this result (the proof is in [1, Appendiz A]).

EXERCICE B.2.3. Formulate and prove a corollary, proceeding as above.

B.3 Measure theory on product spaces and the Markov
property

Let (X1, B;1) and (X2, By) be measurable spaces. Consider the space (X x

X, By @ Bs) (if X1, X5 are Polish spaces, endowed with their Borel sigma-

algebras Bx,, Bx,, then B; ® By = Bx,xx,)-

Then for any measurable function f on (X7 X Xy, B; ® Bs) and each x5 € Xo,

the function z; — f(z1,x2) is measurable on (X3, B;), and if in addition f
is integrable, then Fubini’s theorem holds:

THEOREM B.3.1. Let puy and po be probability measures on (X1,B:1) and
(Xo,By). Then a measurable function f on (X; x X, By ® Bs) is integrable
with respect to g X po if and only if

15



i) [ 1f (21, 22)] pa(drs) < 00, pi-a.s;

ii) [ (S 1£Gors2)| ia(d) ) s () < o0
If this holds, then

[ s x ) das) = [ ([ $rms) patdnn) ().

DEFINITION B.3.2. For two Polish spaces (X1,B1),(Xs, Bs), a transition
probability is defined as a mapping

A (21, Bg) € (X1 X By) = ANy, By) € Ry
such that
o For every x1, N(x1,-) is a probability measure.
o For every By, A(-, By) is measurable.
We will admit the following result.

LEMMA B.3.3. Let uy be a positive Borel measure on By. Then the mapping

pr = [ Ay, -)dpa (1)
B1
induces a positive Borel measure py on By. Moreover, this mapping is linear,
and images of probability measures are probability measures.

DEFINITION B.3.4. Given a probability space (2, F,P), a (continuous)
random process valued on a Polish space X is a random variable valued in
C(I,X) for some time interval I. In other words, it is a measurable mapping

a:wr (a®(t))er € C(1,X).

DEFINITION B.3.5. Consider a random variable h defined on a probability
space (Q, F,P) and valued on a Polish space X. For a o-algebra G C F the
conditional expectation of h with respect to G, denoted E(h | G), is the
unique G-measurable random variable such that for all G-measurable R-valued
random variables ¢,

/X h(w)$(w) duw = / E(h | G)(w)é(w) dw.

X
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For a measurable subset A C F, the conditional probability P(A | G)(w)
1s defined in the natural way by

P(A]G):=E(l4]9).
In particular, if A is G-measurable, P(A | G) = 14.

DEFINITION B.3.6. A filtered probability space is a probability space
(Q, F,P) and an increasing sequence of o-algebras (Fi)wer C F, where I
s an interval.

DEFINITION B.3.7. A process (h(t))ier defined on a filtered probability space
is said to be adapted if for every t € I, h(t) is Fi-measurable.

DEFINITION B.3.8. A (homogeneous) Markov process consists of:

o A (continuous) random process (u(t))i>o, adapted with respect to a fil-
tered probability space

<97F7P)7 (E)tZO - F?
and valued on a separable Banach space X .

o A family of probability measures P,, v € X, such that for each QQ € F,
v = P,(Q) is measurable.

o A family of transition probabilities Py, t > 0 defined on X x Bx.
such that
e Forallve X, P,(u(0) =v)=1.
e Forallve X, s,t>0 and ' € Bx we have the property
P (u(t +5) €T | F) = By(lugeer | F2) = Bu(s).T), P, —as.
DEFINITION B.3.9. For a Markov process v, the Markov semigroup for

measures is the family of linear operators (S})i>o acting on the space of
probability measures on X and defined by

$@=AH@»W@

(see Lemma B.3.3).

Note that (S} )¢>0 is indeed a semigroup (i.e. S5 = Id and S}, = S;05;);
see [1, Section 1.6].
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B.4 The Wiener process, SDEs and Ito’s formula
For more details and references to proofs, see [1, Appendix H].
DEFINITION B.4.1. A Wiener process is:

e A probability space (X, F,P) (i.e. space+o-algebra+probability mea-
sure).

e A measurable function w — w*(-) from Q onto the space of continuous

functions C(R,R).
with the following properties:
e We have w*(0) = 0.

e For every s,t, the law of w(t) —w(s) is N(0,|t — s|) (Gaussian, mean
0, variance |t — s|).

o Forty < --- < tg, the increments w(ty) — w(ti—1),...,w(t2) — w(ty)
are independent. FEquivalently, one can require that for to > ti, the
increment w(ty) — w(ty) is independent with respect to the o—algebra
generated by w(t), t <t;.

Most importantly: we know (by a Donsker central-limit type construc-
tion) that such a process exists. Once we know it, we do not care who €2 is.
As usual, only the law of the process is important.

Now let us say a few words about Ito’s formula for a solution of finite-
dimensional SDEs, which is essentially a simplified version of that in [1,
Chapter 11]. We will often also use it for SPDEs; to do so rigorously, a
finite-dimensional Galerkin projection and a limiting procedure are nec-
essary.

We consider equations of the form

() = fi(t,z(t) + Y _biBi(t), 1<j<n, x=(x1,....2,) ER",
j=1

(B.A4.1)
with initial data

Here t > 0, f : R, x R® — R” is a continuous locally Lipschitz mapping,
b;’s are any real numbers (we do not exclude the deterministic case, i.e. that
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all of them vanish), ,(t)’s are standard independent Wiener processes, and
xo is a r.v. in R", independent from those processes. The derivatives Bj(t)
are defined only in the sense of distributions, so we say that z(t), t € [0, 7],
0 < T < o0, is a solution of the problem (B.4.1), (B.4.2) if

w:x&+évx&ﬂ@»@+§:@@ﬁx 0<t<T, (B.4.3)

for a.e. w.

A solution of (B.4.1), (B.4.2), if it exists, is unique in the sense that any
two solutions z!(t) and z%(t) must coincide a.s. Indeed, for a.e. w the
difference x! — x? satisfies a deterministic equation with zero initial data,
so it vanishes identically for the same reason as in the theory of ordinary
differential equations. As in the deterministic case, a solution for (B.4.1),
(B.4.2) may not exist for all times, but it does exist if the vector field f is

globally Lipschitz:

THEOREM B.4.2. If the mapping © — f(t,x) is Lipschitz on R™ with a
Lipschitz constant, independent from 0 < t < T, then the problem is globally
well-posed.

The global Lipschitz property restriction is often too strong. But if f is
only locally Lipschitz in x, then still the problem (B.4.1), (B.4.2) is soluble
if eq. (B.4.1) has a Lyapunov function.

THEOREM B.4.3. Assume that there exist a C*—smooth function V(z) and a
constant ¢ > 0 such that

Zw—v +Zﬂur (z) < cV(z) Va, VE>0, (B.4.4)
and
Ii‘r;fRV(x) — 00 as R — oo. (B.4.5)

Then the problem (B.4.1), (B.4.2) has a unique solution z(t), and
EV (z(t)) < eEV (x0) (B.4.6)

(the r.h.s. may be infinite).
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EXAMPLE B.4.4. Assume that the vector field f satisfies
(f(t,x)-z) < —alz|? Vt>0, Va, (B.4.7)

with some a > 0. Let us take V(z) = e’l*I° where 0 < 0 < a/B2, where
B = maxj<j<n ‘b]‘ Then

S ) V(@) = 120w - f(x) <~V (z)20alef
- X
J
and
2 2 2

Zb]a?v ) < oV(x)(O_b: +20B%|z]?).
So the l.h.s. of (B.4.4) is bounded by

oV (@) (= 20]z|® + 20B*|z|* + ) v?).

Since 0 B* < «, then (B.4.4) holds with ¢ = oy b7. Relation (B.4.5) obuvi-

ously s valid, so the last theorem implies

Eeolle®I? < gto 8 peoliaol?®, (B.4.8)

A powerful tool to study equation (B.4.1) is given by Ito’s formula. For
us, it suffices to consider its expected value.

THEOREM B.4.5. Let z*(t) be a solution of (B.4.1) for 0 <t <T and F(x)
be a C?-smooth function. Assume that

/0 E [|VE(@®()) - f(t,2¥(1)] + [[VF (2" ||+\Zb§pF )| dt <oo.
(B.4.9)

Then for 0 <t <T we have

0 9 .

EEF( z(t)) =E(VF(z(t))- f(t,z())) + 1 E Zb] 87F ), a.s. int.

(B.4.10)

20



As in similar situations above, (B.4.10) should be understood in the inte-
grated sense: EF(x(t)) — EF(2(0)) equals to the integral of the term in the
r.h.s,, for all ¢ > 0. Since in view of (B.4.9) the expectation EF(z(t)) is an
absolutely continuous function of ¢, then by the latter relation (B.4.10) holds
for a.e. t.

LEMMA B.4.6. Consider a vector field f(t,z) satisfying (B.4.7) and a C?-
function F(z). Assume that Ee?l™l” < oo for some 0 < o < o/ B% and

\VF(z)- f(t,z)|+||VF(z |+|Zb§mF 2)| < Cre?l* I va, Vit e [0,T],

(B.4.11)
with a suitable constant Cp > 0. Then a solution x(t) of the problem (B.4.1),
(B.4.2) satisfies (B.4.9) for 0 <t <T. So x(t) also meets (B.4.10).

C SDEs: well-posedness and stationary mea-
sure

C.1 Well-posedness of SDEs

For well-posedness of ODEs, one studies the operator

o = (u(t))ier, 1)

For SDEs (or for ODEs with an additional time-dependent parameter), we
are concerned with the mapping

(an (ww(t))te[Tl,T2]> — (uw(t>)t€[T1,T2]> R x C(Th Tz;R) — C(Tl,TQ; R)‘

In other words, we want our solution to be continuous not only with respect
to the initial value, but also with respect to the (random) noise.

This is a natural requirement, which also makes sense when studying, for
example, control theory (it is NOT a stochastic concept, we just quantify
how the solution depends on the force). It is also reminiscent of the depen-
dence with respect to the parameters in the context of the classical Cauchy-
Lipschitz theorem for ODEs. As we have seen before, for the Ornstein-
Uhlenbeck SDE:

uy = —ou + Pwy.
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everything is OK because we have an explicit formula. Indeed,
U(t) = —aBe*w(t),

where

(t) == e (u(t) — Bu(t)).

In general (for example when replacing « with a nice enough f(u)), there are
two alternative strategies to prove continuity:

e The abstract one with the Banach fixed point theorem (considering
w(t) as an external parameter).

e A more pragmatic one: we work directly on the difference between
solutions. Namely, we decompose it into two parts: the difference of
solutions with the same ug and different w (dependence with respect
to the forcing) and that of solutions with different ug and the same w
(dependence with respect to the initial condition).

C.2 Stationary measure for SDEs

We will admit the following result. For the lemma’s proof, follow the lines of
[1, Sections 1.6, 11.5] (and similarly for the proof of other such statements
in similar situations).

Below, we use the notation P,,—,. Its meaning is that we consider a de-
terministic initial condition uy = x and then the quantity u(t) becomes a
random process as described below, so that the quantities given below are
measurable.

LEMMA C.2.1. The solutions u(t) of the Ornstein-Uhlenbeck SDE described
above form a Markov process, endowed with the filtered probability space
(Q, F,P), where the filtration (Fi)i>o is generated by the random variables
(w(s))o<s<t and the transition probabilities P, are defined by

Py(x,T) :=Pyy—(u(t) €T)

and the measures P, by
P, =P,
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DEFINITION C.2.2. A stationary measure is a probability measure which
15 a fized point for the Markov operator S; for all t > 0.

To establish the existence of a stationary measure for the Ornstein-Uhlenbeck
SPDE

uy = —au + Bwy,

we use a Bogolyubov-Krylov argument (tightness+extraction of a sub-
sequence). Namely, we consider averages

1 [k
my = E/ fie; pr = S (0o).
0

Applying the It6 formula to the expected value Eu? (one of the few circum-
stances in which we use it in our whole course!), we prove that it remains
finite, so for any ¢ all the mass except at most € remains concentrated on a
fixed k-independent compact (by Chebyshev’s inequality): in other words,
we have a tight sequence. Therefore (by Prokhorov’s theorem) we can sub-
stract a converging subsequence from g, and its limit will be a stationary
measure.

Given the form of the solution, for a deterministic ug, the law of v at a time ¢
is necessarily Gaussian. Since the limit (in the sense of weak convergence) of
Gaussian laws is necessarily Gaussian (see exercice below), the same is true
for the stationary measure.

Applying the It6 formula to the expected values Eu and Eu?, one proves that
a stationary measure for the PDE above necessarily has the law N(0, 5%/2a)
(therefore it is unique, and one can estimate the exponential rate of conver-
gence to it).

EXERCICE C.2.1. Fill in the missing details (in particular about the Ito for-
mula). In order to prove that the Bogolyubov-Krylov weak extracted limit is
a stationary measure, we admit that for a well-posed SDE, the Markov op-
erator Sy is continuous with respect to the weak convergence; see [1, Section
1.6.]. We also use the result of the exercice below on the limit of Gaussian
real-valued laws

SOLUTION. First we apply the Ito formula to f(u) = u (the domination ver-
ifications are standard and follow from the fact that all polynomial moments
of a Wiener process are finite:

dEu
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Similarly:
dEu?
dt
Therefore, Eu®(t) is uniformly bounded by 3?/2a. By linearity, the same is
true for [g |z|*dmy,, uniformly with respect to k.
Consequently by Chebyshev’s inequality:

= —2aEu® + 5%

VN € N,Vt >0, my(z: |z > N) < 5%/2aN>
Therefore:
Ve >0, 3N >0: my([-N,N]) >1—¢, VE>1.

By Prokhorov’s theorem, the Bogolyubov-Krylov sequence converges to some
limit p. It remains to prove that the corresponding limit is a stationary
measure.

For 6 > 0 we have:

. 1 Ik i} 1 Jk 1 Jr+0
Sims) = = [ Sytutende = = [" e+ o)t = [T o
Jk Jo Jk Jo Ik Jo
1 0 1 Jk 1 Jr+0
_JkJo o JrJo Jk J ji )
L =mj, :;rK

For any f € Cy(H?) the terms |(K, f)| and |{I, f)| are bounded from above

by Z|f|so, 50 they converge to zero when k — oco. Since m;, — @ and the
Jk

operator Sj is weakly continuous, then passing to the limit in the equality

above, we get Sy = .

EXERCICE C.2.2. Prove that a (weak) limit of Gaussian real-valued laws is
necessarily Gaussian.

SoLuTION (Exercice C.2.2). Consider the limit of Gaussian laws N (o, ).
Convergence of the mean values o, follows by duality with a constant func-
tion. Now we look for a converging subsequence of B,. It necessarily exists,
except in the case (3, — 0o, which we can rule out because of the converse
of Prokhorov’s lemma (we escape from any compact). On a more intuitive
level, consider the duality with any function with compact support and then
(by localisation) with any continuous bounded function: if the variance ez-
plodes, the laws converge weakly to 0.
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It remains to prove that if a,, — « and B, — B, then N(ay, 5,) — N(a, 3):
this is mot hard. For a quantitative version, see the next exercice.

Finally, we conclude by uniqueness of a weak limit. Note that we might
converge to a Dirac measure: this simply corresponds to = 0.

EXERCICE C.2.3. Prove the exponential rate of (weak) convergence to the
stationary measure.

SoLuTION (Exercice C.2.3). By the calculations above, the mean value and
variance of the laws of u(t) (which are Gaussian by the explicit for-
mula we have!) converge exponentially. It remains to prove that this yields
exponential convergence for the laws in the dual-Lipschitz metric. We con-
sider ¢ € L(R) of norm smaller than 1 and we get that if |a—d/|,|5— 0| < ¢,
then:

| [ st@yexp—la = o' 28)ds = [ ofa)exp(—lo = ol /25)ds]
<| [ 1ol expi—le o /25) - exp(—lo = af/29) da]
<| [ clapelotlaa] < Clape

In the last line, we simply used that (v,8) — exp(—|x — v|?/20) is locally
Lipschitz.

D SPDEs: well-posedness and stationary mea-
sure.

D.1  Well-posedness

For SPDEs, we are concerned with

(Uo, (fw(t))te[Tl,T2}> = (uw(t))tE[ThTﬂ'

The only difference w.r.t. SDEs is that we need to study the operator on
an appropriate functional space, both for the initial condition and for the
force. In particular, we need to build an analogue of the Wiener process on
a separable Hilbert space: we will only see the easiest way to do it, using
Fourier analysis.
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We will not dwell on the different concepts of weak/strong/mild solutions
in the sense of PDEs since in our setting (linear and semilinear parabolic
equations) all these definitions coincide. We will also not talk about the
concepts of weak/strong solutions in the sense of probability (solutions
for some forcing satisfying a law vs solutions for a given forcing); however,
the latter is implicitly important when studying stationary measures (see [1,
Chapter 1]). Indeed, in our setting we begin by studying solutions with a de-
terministic initial conditions, and then when considering the transition prob-
abilities and the semigroup of Markov operators there is a (hidden) structure
of laws of solutions considered at intermediate time (i.e., when we consider
the transition semigroup, we care about the law of an initial condition and not
about the initial condition itself). In fact, time-homogeneity of the forcing
allows for the convenient semigroup notation, which allows us to manipulate
solutions directly on the measure level, which sometimes makes us forget how
the whole thing works pathwise!

We remind that we always work with Lebesgue/Sobolev spaces of zero-mean
functions on the torus, which we will denote as above by L,/H™/W™P. This
simplifies our life a lot notation-wise; in particular, the Sobolev seminorms
are now actual norms, equivalent to the ones we formerly defined.

DEerFINITION (INFORMAL) D.1.1. Consider a separable Hilbert space. It
necessarily has a countable Fourier basis denoted (ey)kez-

The easiest way to define a (generalised) Wiener process is to consider in-
dependent Wiener processes wy, and then to (formally) define the sum:

> agwi(t)ex. (D.1.1)

Depending on the asymptotics of the coefficients ay, the sum converges almost
surely in an appropriate space.

We consider the canonical basis of zero mean value functions in L (S?):

{ er = V2 cos(2rkx),

S sin(amka), FEN (D.1.2)

Now each Sobolev space H™(S'), m € NU {0} is a Hilbert space endowed
with the canonical Fourier basis given by

1
———ep, kel
(27 [k
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We will define for each m:

B, =Y _ (27k)*"a;. (D.1.3)
keZ*

LEMMA D.1.2. Provided B,, < oo, the sum given by (D.1.1) is almost surely

in X7, and moreover
E||§(t)[[7m = But, Vt.

Proof. See [1, Section 1.2.]: first Theorem 1.2.1., then Corollary 1.2.4. The
proof is not very technical but uses many ingredients: Doob’s inequality, an
extraction procedure and monotonicity to conclude on the convergence of the
whole sequence. O

In this case, we will say that the sum (D.1.1) is a Wiener process in
H™,

DEFINITION D.1.3. Consider ug € H' and a Wiener process £(t) € H?. The
stochastic heat equation is given by:

Up — VUgy = &,
where v > 0 1s a constant.

THEOREM D.1.4. The stochastic heat equation is well-posed in H™ for a
Wiener process £(t) € H™ | for any m,m* € R, m < m*.

Proof. The main idea is straightforward: decoupling of the different Fourier
modes, each of them satisfying an Ornstein-Uhlenbeck equation (in particu-
lar, uniqueness is straightforward).

Consequently, a solution exists formally as a Fourier series and it remains to
prove its convergence and the continuity of the solution operator (which is
linear so the verification is simpler).

Without loss of generality we may assume that m, < m + 2. Suppose first
that up € H™, £, & € X7 and consider the curve

t ¢

v(t) = e" gy + / AT (1) dr = By + E(t) — 1// Ae"A= (1) dr,
0 0

(D.1.4)
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where A = 88—;2 and {e"' t > 0}, is the semigroup of operators generated

by vA. That is, (e"™®up)(x) = v(r,z), where v(t, ) is the solution of the
unforced heat equation. Denote

Ae"21e(r) = O(1) = Z O4(7)es .

Then 63(7—) _ ’27TS|2€—V\27TS|2(15—7')£S(7-)’ SO

O(r)] 2ms]™ = (w(t—)) 7 (w(2msf2(t=7)) 5 e 2 ) jars| e g, (1)
<Ot —7) 75T 20s|™ |6,(T)], C = C(v,m,m,),
since 2 +m — m, > 0 and sup,~,r%e™" < oo if @ > 0. Therefore we have
113, < Clt=r)~> ™™ " [2ms "™ &4(7) P = Ct—7) 2™ |E(7)|7.
Hence,
t
[o(@)lm < Nwollm + [[€@) m + 01/0 10(7)l|m dr
t
< [luollm + Cll&ll % (1 +/ 0172 dO) < luollm + Callél| e
0
since m, > m, where C1, Cy, C3 depend on v, m, m,,T. That is,
[ollxp < lluollm + Cs[1€] - - (D.1.5)

By continuity the solution mapping (ug, &) — v extends to a bounded linear
operator, and v(ug, &) solves the stochastic heat equation for any (ug,§) €
H™ x X7 (see [1, Section 1.3] for details). O

D.2 Stationary measure

The only thing which we need to change in the definitions is that now our
state space is a functional space.

In particular, the Markov semigroups are defined in the same way as in the
SDE setting.

Existence of a stationary measure for the stochastic heat equation is again ob-
tained by a Krylov-Bogolyubov argument. However, one needs to be careful
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about the functional space in which one works, in order to use a compac-
ity /tightness argument.

The uniqueness (and the explicit expression as a measure with Gaussian
Fourier coefficients) follows from decoupling into Ornstein-Uhlenbeck pro-
cesses on the different Fourier projections.

EXERCICE D.2.1. Calculate this stationary measure. In which Sobolev spaces
H? s eR, is it supported?

E The stochastic Burgers equation

E.1 Well-posedness for the stochastic Burgers equa-
tion

DEFINITION E.1.1. Consider ug € H' and a Wiener process £(t) € H?. The
stochastic Burgers equation is given by:

U + Uy — VUgy = §t7
where v > 0 is a constant.

The next objective is to prove the well-posedness of the Burgers equation
in the space H!, i.e. the fact that in the same sense as the stochastic equation
considered above, it has a unique solution, and the corresponding mapping
(ug, £(+)) = u(:) is continuous from H! x C(0,T; H?) to C(0,T; H') for all
7> 0.

We will make the splitting u = v + h, where h solves the heat equation
with forcing &. Note that it suffices to prove well-posedness for the equation
satisfied by v. The proof is quite technical and can be found in [1, Chapter
1.3]: it consists of two parts, Theorem 1.3.6. for existence and uniqueness of
solutions, and Lemma 1.3.11. for continuous dependence on the noise and
the initial condition.

The fundamental idea is that of Galerkin approximations. It consists in
writing the projection on the 2k lower Fourier modes of the Burgers equation,
considering its solutions and passing to the limit £ — oo in an appropriate
functional space.

One fundamental use of this projection is to allow us to apply Ito’s formula,
as we will see next.
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REMARK E.1.2. One may generalise to smoother noise/initial conditions,
following [1, Section 1.3]. The structure on the proof remains the same, but
some calculations are longer.

THEOREM E.1.3. Assume that By < oo for all M and ug is deterministic
and C*°-smooth. Then we have the energy balance:

d
aE%Hu(t)HZ = —vE|ull] + 1 Bo. (E.1.1)

Moreover, we have:
d
SEJu(t)|2, = —20E|ul?, i — Bu, 0,6 + B (B12)

Proof. The It6 formula for finite-dimensional approximations of the Burgers
equation gives us, after passing to the limit:

t
Ellu(t)|* - Elu(0)|* = —/ E(2v|ullf + {u, d,u?) )dr + By,
0 0

and similarly
t
Elu(t)]7, — Elu(0)I[7, = —/ E(2vullfr + (u, 00u®)n)dr + t By
0

For details, see [1, Prop. 1.4.6]. ]

E.2 Stationary measure for the stochastic Burgers equa-
tion

LEMMA E.2.1. For any ug € H', the quantity

I )
7| i

is bounded, uniformly in T.
Proof. See [2, Theorem 1.4.4.]. O

Using the estimate above and the compact injection of H? into H', one
proves:
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THEOREM E.2.2. The Burgers equation defined as above admits a unique
stationary measure on H'.

REMARK E.2.3. If the noise is infinitely smooth, then the stationary mea-
sure also 1is, i.e. it is supported on the space C* = Ny,,>oH™. This is due
to the parabolic smoothing effect of the semigroup associated to the Burgers
equation.

For the uniqueness and the speed of convergence, one uses a pathwise
contraction property in L; - an (almost) unique feature of the equation.

LEMMA E.2.4. Consider two solutions of the Burgers equation with the same
forcing and different initial values ug 1, up2. Then the difference between the
corresponding solutions in Ly, |uy(t) — us(t)|1, is nonincreasing.

Proof. See [2, Section 3.2.]. O

This result is very important since it allows us to prove uniqueness of the
stationary measure (under one additional technical assumption: the noise
is assumed to be in H*). We want to prove that for any measures py, jo,
the distance between Sy and S;js tends to 0. Since the semigroup Sy
is linear, by Fubini’s theorem it suffices to work with deterministic initial
conditions, i.e. to consider Dirac measures (1, = 0y, ,, 2 = dy,,. Using once
again Fubini’s theorem, we observe that it suffices to prove that the distance
between wu;(t) and wus(t) with the same forcing tends to 0, almost surely. This
follows from the definition of the dual-Lipschitz metric which quantifies weak
convergence: indeed, the dominated convergence theorem would imply the
convergence to 0 of

SUp (£, 81 0u,) = (£, 5{0) = s [E[f(ui(®) = Fua(0))]|

o<1 IfllLe,)<t

< sup  E|f(ui(t)) — fuz(t))].

IfllLoy<1

To prove that the distance above tends to 0, we need to use a “small-noise
argument”. The idea is that almost surely, there is a large enough time
interval on which the noise is small. Smallness of the noise implies that
of solutions in L; - which are then stuck together forever because of the
nonincreasing Lemma E.2.4. It remains to interpolate between L; and H? in
order to have smallness in H' of the distance between solutions.

For details, see [2, Section 3.3.].
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F Generalisations, miscellanea

F.1 More around the Burgers equation

Depending on the viscosity coefficient v, one can estimate the rate of con-
vergence to the stationary measure: if we work on the space L, which re-
quires more careful functional analysis, there is a v-independent bound for
this rate. Moreover, one can measure more precisely the expected value of
Sobolev norms, Fourier coefficients... and quantify sharply the dependence
on v.

REMARK F.1.1. It is also relevant to study kicked processes, i.e. to consider
the unforced PDE between integer time moments and adding independent
identically distributed random impulsions (which do not have to be Gaus-
sian!). The results are similar and parallel, but technically easier, compared
to the ones described above. Indeed, one considers Markov chains instead of
Markov processes.

Moreover, there is a Donsker-type result of convergence of the solutions to
the corresponding solutions for white noise (i.e. the solutions we considered
above, white noise being the weak derivative in time of a Wiener process). In
other words, one takes kicks with frequency 1/N, and then one rescales with
the factor 1/ VN, like in the central limit theorem. Then the resulting process
converges to the white-forced one, in a variety of ways. For more details, see
[1, Chapter 10].

REMARK F.1.2. [t is also very relevant to study the Burgers equation for
v = 0...which is not at all parabolic/smoothing so its properties are very
different. Nevertheless, some very useful properties (including convergence
to a unique stationary measure) “pass to the limit”.
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